ABSTRACT. Explicit conditions are given for a cyclic quartic field to have a relative integral basis over its unique quadratic subfield.
We note that the case x = y = 1 (mod 2) can only occur when D = 5 (mod 8). It is a classical result (see for example [7, Theorem 5.9] ) that if V > 1 there is a unique pair of nonnegative coprime integers (S, T) such that (2) V = S2 + T2, T = SU (modV).
If V = 1 we take S = 1, T = 0 so that (2) Equating coefficients of 1, y/ÎÔ, a, ß, we obtain a = b = e = f = 0, and
Solving for c, ci and g-, /i, we obtain
Note that 3í2 -2tu -3u2 ^ 0 as t and u are not both zero. As c, d, g, h are integers, we must have 3í2 -2tu -3u2 11, 3t2 -2tu -3u2 \ u.
Thus there are integers r and s such that t = (3t2 -2tu -3u2)r, u = (3i2 -2tu -3u2)s, and so 3i2 -2tu -3u2 = (3t2 -2tu -3u2)2(3r2 -2rs -3s2), giving (3i2 -2tu -3u2)(3r2 -2rs -3s2) = 1.
Hence we have 3i2 -2tu -3u2 = ±1, and so (3i -u)2 -10u2 = ±3, which is impossible as x2 s ±3 (mod 5) is insolvable.
We now begin the proofs of Theorems 1 and 2. We first calculate the relative different 2(K/k). We set a = \Ja(D + BVD), ß = \Ja(D -ByfD). PROOF. We just give the details in the case D = 2 (mod8) (so that B = C = 1 (mod 2)) as the other cases can be treated similarly. We will obtain 2(K/k) from the relation
We first calculate 2(K/Q). An integral basis for K/Q in this case is given by (see [4] ) {l,y/D,a,ß}.
For convenience we set fii =1,02 = \/D,^3 = a, Q4 = ß, and define ideals Xi,X2,X3 of the ring Ok of integers of K by
where Gal(K/Q) = (9), so that 2(K/Q) = XiX2X3. As 9(a) = ß, 9(ß) = -a, (6) 2(k/Q) = (2y/D).
Thus, from (4), (5), (6), we obtain PROOF. We just give the details when D = 2 (mod8), as the other cases can be treated similarly. We have (appealing to Lemma 1) PROOF OF THEOREM 3. In each case it is a simple matter to check that the given set of elements has discriminant equal to d(K/k) (the value of which is given in Lemma 2). Appealing to Theorem 2 and Lemma 4, it is easy to check that in each case the elements lie in K. The only element which is not obviously an algebraic integer is
